Scalar eddy viscosity models are the workhorses of industrial CFD. But they are insensitive to the effects of frame rotation and streamline curvature. To enhance the utility of these models in the design process, it is necessary to sensitize them with a rotation/curvature correction. In this paper, we present a unified model for rotation/curvature effects and discuss its applicability for two practically relevant flow configurations. Mean flow characteristics obtained through RANS computations are compared with LES/DNS data or experiments. The improvements obtained in using the rotation/curvature correction are highlighted.
Introduction
Rotation and curvature effects are important in a number of industrial applications. For example, in a gas turbine engine, cool air taken from the middle stages of the compressor is circulated through the internal cooling passages inside the turbine blades to reduce temperature levels below the melting point of the blade material. These passages, often, have strongly curved ducts where both rotation and curvature play an important role in predicting the heat transfer. Similarly, in a circulation control airfoil, streamline curvature effects need to be accounted in order to predict the lift coefficient accurately. Some other applications include: particle separation in a hydrocyclone, vortex evolution in tip clearance flows, etc.
Rotation and curvature are analogous (see Appendix A in Arolla and Durbin, 2013b) . In a flow through curved channel, the fluid elements rotate due to the shear and the coordinate axes of the velocity vectors rotate as the flow proceeds along the curved wall. The later is analogous to the frame rotation in a rotating plane channel. Along the convex wall, the velocity vector rotates in the same direction as fluid elements and along the concave wall, both the rotations are in opposite directions. Co-rotation suppresses turbulence, counter-rotation enhances it. Similarly, turbulence intensity is reduced if the frame rotation is in the same direction as the rotation of the fluid elements and increased if both the rotations are in opposite directions. But, how to use this analogy in a turbulence closure model ? Spalart and Shur (1997) proposed to use material derivative of strain rate tensor to define a unified measure for frame rotation and curvature. However, the SpalartShur tensor gives exact rotation only in 2D. For the general three-dimensional case, Wallin and Johansson (2002) derived a formula using Cayley-Hamilton theorem that gives exact rotation. It can also be obtained by using Gauss elimination as discussed in Durbin (2011) .
Reynolds Averaged Navier-Stokes (RANS) computation with the scalar turbulence closure models is still an indispensable tool in the industrial design process and will remain so for at least until next decade. But, these closure models do not respond to the imposed system rotation and streamline curvature. Several corrections have been proposed in the literature to sensitize the models to rotation and curvature (for a review, see Durbin, 2011) . At single-point closure modeling level, Reynolds stress models (RSMs) can account for these effects because they contain exact production terms. Explicit Algebraic Reynolds Stress Models (EARSMs) also retain exact production terms, but are not frame invariant. Invariant methods have been proposed in the recent literature (Girimaji, 1997; Gatski and Jongen, 2000; Wallin and Johansson, 2002) , but these models are not yet tractable for complex industrial applications due to numerical stiffness.
Recently, Durbin (2012, 2013b) proposed two simple, yet, predictive models using the bifurcation analysis of Reynolds stress models in rotating homogeneous shear flow. These models showed consistent improvement in the benchmark problems. However, the applicability of these models for industrial flows has not been investigated prior to this work. In this paper, we present bifurcation based rotation/curvature model as a correction to the eddy viscosity coefficient in the SST variant of k − ω model. For a detailed derivation of the model, see Arolla and Durbin (2013b) . We use this model to investigate the streamline curvature effects in two problems of engineering interest: circulation control airfoil and tip clearance vortex.
Rotation/curvature correction for SST variant of k − ω model
The SST variant of k − ω model (Menter, 1993) is of the form
where
where D ω = β ω 2 and CD ω is the cross-diffusion term. The eddy viscosity, with no accounting for curvature effects is ν T = C µ k/ω with C µ = 1. In rotating frame of reference, the turbulent kinetic energy (TKE) production term (P) has no explicit presence of the frame rotation and hence the model is insensitive to the rotational effects. However, the production term does contain streamline curvature when transformed to curvilinear coordinates. So, the original SST k − ω model does respond to the streamline curvature. But, it is not adequate.
Bifurcation analysis of the RSMs in rotating homogeneous shear flow shows that there are two equilibrium solutions corresponding to exponential growth and algebraic decay of the TKE (Durbin, 2011) . At a particular value of the rotation parameter, the equilibrium solution bifurcates from the healthy growing branch to the decaying branch. Similar analysis for the SST k − ω shows that the model cannot bifurcate to the decaying solution branch. To mimic the bifurcation behavior of RSMs, we introduce a correction to the eddy viscosity coefficient (Arolla and Durbin, 2013b) 
We selected α 1 = 0.04645 and α 2 = 0.25 based on the bifurcation diagram of RSMs. The invariants used in the models are
The coefficient C r = 2. The first term of A in equation 3 vanishes when η 3 > 0. So, at large strain rates, A ∝ 1/ √ η 1 . In parallel shear flows, η 3 = 0 and A=1. When η 3 < 0, both the terms play a role. The variation of the eddy viscosity coefficient with η 3 is plotted in Fig. 1 . The original SST k − ω model (C * µ = 1) is retained in the absence of rotation/curvature. In the case of high rotation, C * µ → 0 resulting in relaminarization. In the case of high strain, C * µ is clipped at 2.5 to avoid excessive turbulence production. This value is determined based on the model behavior in the benchmark problems.
The usual definition of timescale in equation 4 is
This is singular at the wall. The TKE in the k − ω model behaves as y
3.23
near a solid wall and ω behaves as 1/y 2 . Hence the second term in (4) goes as 1/y 0.625 . For a better near-wall behavior, we use T = max(T 1 , T 3 ) where
with n = 1.625 to get T ∝ y near the wall. The definitions of the rate of strain and rate of rotation are:
is the angular frame velocity about the x k -axis. The rotation and curvature are unified through W A ij . In 2D, this is equivalent to the Spalart-Shur tensor (Spalart and Shur, 1997) :
In 3D (Wallin and Johansson, 2002) , this is changed to
where II S = S ij S ji and III S = S ij S jk S ki . The use of material derivative of strain rate tensor means that the model is Galilean invariant. The rotation/curvature effects enter the model through the rate of rotation tensor, Ω mod ij . In a stationary frame of reference, the first term in Ω mod ij (see equation 7) represents flow rotation and the second term represents rotation of the coordinate axes of the velocity vectors. If there is no streamline curvature, the second term vanishes and the model behaves as original SST k −ω model. In the rotating frame of reference with no curvature, frame rotation enters through both the terms in Ω mod ij and the contribution due to material derivative of strain rate tensor is zero. Similarly, it can be verified that the model is consistently formulated for the case with combined rotation and curvature as well.
Implementation in a finite volume CFD code
The implementation of curvature corrections in a CFD code involves computing the material derivative D t S = ∂ t S + U.∇S, which contains the third order tensor ∂ i ∂ j U k . In the Eulerian approach, it can be computed using the Green-Gauss theorem. We have also explored Lagrangian particle tracing algorithm described in Appendix B, but it was proved to be more expensive for general 3D problems. For steady-state incompressible flows, the time derivative is zero once the solution is converged. So,
where N is the number of faces, k is the face index, σ k is area of the face with index k and V is the volume of the computational cell. The face center values of the strain rate tensor, S ij and face normal velocity, V n are obtained by linear interpolation from two neighboring cells. This procedure gives second order accuracy in space. For unsteady simulations, one must add the time derivative.
The accuracy of the implementation is tested on two "toy problems" with analytically known streamline curvature: Lamb-Oseen vortex and LambOseen vortex with an axial flow.
Toy problem 1: Lamb-Oseen vortex
The mathematical model for the Lamb-Oseen vortex is defined in terms of angular velocity u θ = rF (r) by (Durbin and Medic, 2007) :
The axial velocity is zero. Let the circulation contained within the vortex be, Γ = 2π and R = 1. Then, the angular velocity becomes u θ = 1 r
(1 − e −r 2 ). Note that u θ → 0 as r → 0. The streamline curvature for this case equals u θ /r. The comparison of the numerical computation with the analytical solution in Fig.2 . The line plot at a location slightly away from the vortex core shows that the computed streamline curvature matches exactly with the analytical solution.
Toy problem 2: Lamb-Oseen vortex with an axial component
As an example for 3D flow, a non-zero axial velocity is imposed on the Lamb-Oseen vortex. The resulting velocity field has u θ = 1 r (1 − e −r 2 ) and u z = r. The results plotted in Fig.2 indicate that implementation is accurate. We also compare the streamline curvature term predicted by the Spalart-Shur tensor to show the difference. Consistent with the analysis in Wallin and Johansson (2002) , the curvature is under-predicted by Spalart-Shur formula.
Results and discussion
The rotation/curvature effects are investigated for the following problems using the bifurcation model, implemented into OpenFOAM. In the discussion that follows for each problem, we highlight the improvements obtained in using a curvature correction over the base turbulence model. The geometry is an airfoil configuration in which a tangential jet is blown over a thick, rounded trailing edge to delay separation using the Coanda effect (see Fig.3 ). Highly curved, recirculation regions are seen to form near the trailing edge. We use the LES data from Nishino et al. (2010) for assessing the streamline curvature effects. The simulations were performed at a chord based Reynolds number of 0.49 × 10 6 and at a jet momentum coefficient of C j =ṁ j U j,mean /(q ∞ A) = 0.12 where q ∞ = ρU 2 ∞ /2, A is the planform area. The subscript 1 denotes freestream conditions and j denotes jet exit conditions.
Due to sufficiently high Reynolds numbers, the external flow around the airfoil is fully turbulent. When the suction surface turbulent boundary layer interacts with the wall jet from the plenum chamber, the jet transitions to turbulence. Therefore, the transition characteristics of the jet over the Coanda surface are assumed to be unimportant. Several things are important to understand the aerodynamic characteristics of the circulation control airfoil: the interaction of the turbulent wall jet with the suction surface boundary layer, the dynamics of flow separation and reattachment over the curved surface, and the spreading of the jet sheet downstream of the airfoil. A turbulent wall jet can be thought of as a two-layer shear flow: in an inner layer, the flow exhibits similarities in structure with the conventional turbulent boundary layer; and in an outer layer, the shear-layer character is more like free-shear flow. For the turbulent wall jet over a convex surface, the tur-bulent transport is enhanced in the outer region and diminished in the inner region Launder and Rodi (1983) . The Coanda surface is convexly curved and hence predicting both stabilizing and destabilizing effects on turbulence determines the separation location and the jet spreading rate.
The boundary conditions used are: freestream velocity of 34m/s at the inflow and, at the plenum inlet, the velocities given in the table 1. The walls of the plenum and the airfoil surface are treated as no-slip boundaries. A slip wall boundary condition is imposed on the tunnel walls. The simulations are run to the atmospheric pressure at the exit.
At C j = 0.12, the streamtraces plotted in Fig.4 clearly show that the curvature correction moves the separation location slightly up over the Coanda surface. In the inner region of the turbulent wall jet over a convex surface, the turbulence transport is diminished. The original SST k − ω model underpredicts the stabilizing effect and hence the jet remains attached farther downstream over the Coanda surface. When the curvature correction is introduced, turbulence stabilization is predicted accurately and hence the jet separation location. The pressure coefficient near the trailing edge is accurate compared to the LES data (see Fig.5 ). The lift coefficient given in table 2 shows that there is about 12% improvement when a curvature correction is used. The discrepancy in predicting the suction peak would have lead to overprediction of the lift coefficient. This problem is observed even at a lower jet momentum coefficient as well (Arolla and Durbin, 2013a) .
It should be noted that transition to turbulence near the airfoil leading edge might play a role in predicting the suction peak. The turbulence model does not account for transition. It could be why the RANS peak is sharper than LES. Further investigation is necessary to address this issue. Table 3 : Parameters used in the simulation. C a is the axial chord and C is the chord of the airfoil with C a = 0.546C.
Tip leakage vortex
In turbomachinery, the existence of clearance between the blade tip and the casing is known to be a major source of unfavorable phenomena such as rotating instabilities and blockage in the flow passage. This could lead to severe performance loss and stall of axial compressors. The pressure difference between suction and pressure surfaces of the blade airfoils causes leakage flow which rolls up into tip leakage vortex. At the core of the vortex, the flow is laminar due to the curvature induced suppression of turbulence. Accurate prediction of the turbulence levels at the core of the vortex determines the evolution of the leakage vortex downstream of the blade trailing edge. Muthanna (1998) have conducted experiments for the linear cascade of GE rotor B airfoil at a chord based Reynolds number of 4 × 10 5 and with different tip gap sizes. The end wall is stationary. It is well known that the standard RANS models produce inaccurate results for this problem (see Khorrami et al., 2001; Garbaruk et al., 2005) . We use this case to test the effectiveness of the rotation/curvature correction in predicting the vortex evolution accurately. The physical parameters used in the simulation are given table 3.
The grid generation for this case is not trivial. We use a combination of H and O topologies to generate a grid which has about 3 Million points (see Fig.6 ). A no-slip wall boundary condition is imposed on the stationary bottom wall. At the inflow, a profile extracted from a precursor boundary layer simulation consistent with the experiments is used. The top boundary is treated as a slip wall. Periodicity is imposed in the spanwise direction and atmospheric pressure is specified at the outflow.
The vortex evolution obtained with and without curvature correction are shown in Fig.7 . The isosurfaces of Q-criterion shows the vortex core location and its movement inside the blade passage. The width of the core predicted by SST k − ω is clearly larger than that by the bifurcation model. It means that the vortex diffuses quickly if the curvature effects are not accounted.
Looking at the contours plotted in Fig.8 , the curvature correction reduces the eddy viscosity levels at the core of vortex. But, SST k − ω predicts unphysically large eddy viscosity levels even inside the core. Interestingly, curvature model is active even in the blade passage as well. It could be due to the camber of the blade.
The detailed comparison at different axial locations of the velocity and TKE contours (see shows that the curvature correction improves the prediction of vortex evolution over the base turbulence model. At the location X/C a = 1.366, the differences in the velocity levels are small. But, the location of the vortex core is accurate with a curvature correction without accounting for DS ij /Dt contribution. Similar observations can be made at the downstream locations as well. Some details of the complicated vortical system like secondary vortex are captured accurately with a curvature correction.
Summary
A rotation/curvature correction based on the bifurcation analysis of RSMs is presented and tested on two challenging engineering applications. In the circulation control airfoil case, curvature correction improved the lift prediction. The suction peak is not predicted accurately. But, that is not relevant to the curvature effects. In tip clearance flow, the evolution of the leakage vortex is predicted accurately by the curvature correction model. Interestingly, accurate results were obtained even without DS ij /Dt contribution. Note that when DS ij /Dt is not used, η 3 in the bifurcation model is similar to the Q-criterion of detecting the vortex core. Hence, this observation can, perhaps, be generalized for all the vortical flows.
Appendix A. Numerical issues
Numerical issues occur primarily due to the presence of second gradients of velocity in the model. To obtain numerically convergent results, we use a small under-relaxation on η 2 as follows: The under-relaxation factor, α u = 0.1 was used for all the test cases. Another approach is to under-relax the eddy viscosity itself. Appendix B. Lagrangian particle tracing algorithm to implement DS ij /Dt
We have explored a Lagrangian approach (Durbin, 2011) based on a particle tracing algorithm in the physical space for implementing DS ij /Dt. The algorithm involves the following steps:
1. Integrate d t X = U(X, t) to find the new location of the fluid particle starting at a computational cell center X(t) = x. We used a simple Euler explicit time integration. The time step in steady simulations is chosen such that the particle remains within the cell where it started. In unsteady computations, the physical time step can be used.
2. Interpolate the strain rate tensor and the velocity components at the new particle location. We used bilinear interpolation for 2D and trilinear interpolation for 3D. The interpolation is first order accurate and it was found to be sufficient in the examples tested.
Then, the Lagrangian derivative is evaluated as:
D t S ≈ [S(X, t + δt) − S(X, t)]/δt (B.1)
Once the Lagrangian derivative of the strain rate tensor is computed, the rotation rate tensor is obtained from equation 8. For 3D problems, the Lagrangian approach proved to be more expensive owing to the interpolation on general curvilinear geometries.
